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Parallel Spherical Metamorphic Mechanism and Its
Complete Jacobian Matrix

Chang Boyan' Jin Guoguang’ Wang Yan'
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2. Tianjin Key Laboratory of Advanced Mechatronics Equipment Technology, Tianjin 300387, China)

Abstract: A spherical metamorphic mechanism with parallel structure was proposed. It consisted of a
moving platform, a base plate and four connecting legs between moving platform and base plate. Three of
these legs had the same structure named circle legs and the other one named middle leg. Spherical
metamorphic mechanism could transform to normal configuration and metamorphic configuration
respectively with the change of constraint applied by middle leg. The moving platform was in possession of
three revolute degrees of freedom which equivalent to spherical joint and extra translational freedom in the
direction of radius. Based on screw theory, the mobility of this mechanism was analyzed firstly.
Secondly, the constraint sub-matrix and actuation sub-matrix were obtained and the complete Jacobian
matrix was established by integrating these two sub-matrices. In the end, the singular conditions of
spherical metamorphic mechanism were analyzed by investigating the ranks of the complete Jacobian
matrix and methods used to avoid the occurrence of singularities were given which were propitious to
mechanical design.
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Fig.1 Structure of parallel spherical

metamorphic mechanism

%ﬂéiﬁ%ﬂ‘j(Pll'RziRu)NPMRs;%*@’;H\:':P R %‘:z
INEEhE] P RN RS SR, T bR i KR E @ FE S bk
RS j iz s, A 2a o o BahEl P R HA SR

WIS PP — e gh A iy, D )R R B
il P AR B BRI R Ry Ry AR R A SE T A
O, R 53 G e E s H S P2k H
MR T Co VLS, RS i BRI SCHEF A j A~ iz 3)
Al 1 i o ol R e e ) R O e AR SR A L 36
P55 AR R AR 9 8 UG 5C 5 — U, DL & LA A
0 0 RIS SL A AR AR Onyz, Horp 2 4l B T
Fam by MR,y S A FEME 1), Al
3 I SR 12 Sl IR IE R Y

$,=(S8,;0)

$.,=(8,;0)

$. =(8,;0) (1
$.,=(0;S,)

$5=(S5:(a=d,)S, xSs,)

Xrp o d,— LB B.C K
MR 4l JLAAT 240 3R 45 1, R 0E S5 1) 24 3R R e 3=
H
$ =(8,:0) (2)
Hh ) AR i S R e Ar H B R, s &
PEAL 2 PSR Lo, S B AE H M S 5 A8 M A 2 1 1
e, MUAEAS MR AT RO 1), o ] 228 i 5
BN (R Ry Ry ) (P&, Hop R A&kl s 0 H
HWE P RLE SR, R, Ml Ry FZe Al 52 T
RO P RIS R, M8 & €, C,C, 3 H A
LT 0 RS 0" A 2b FioR . B A 1 B dr ]
75 i S B 32 Sl R E RN
"8, =(8,:0)
'8, = (8,30)
"85 =(8430)
'8, =(0;8,)

(3)

B2 PRI GRS A SRR A A s A
Fig.2 Structure of circle leg and middle leg
(a) HIEZHE  (b) a3k
LY IRTE & N
{1 $6=(855;0)
l $ 00 = (85 x8,50)
U TEIEH A 25 (B 25 2) 8, o 1] 22 i 52

(4)



262 g ol Bl ¥

20134

B0 (R RogRyg ) (A5 H, BIFER 25 1 HILAG 1 S A I
AR A B 3 /4 Bl 3 2l @ 3k 5 — AR iy X R
il Py B3l dnlEl 3 fras .

B3 Hha] S 6 AR A5 H R TR
Fig.3  Structure change of middle leg

HCR 5 2 I v ] 2 ) S 6 11 i Sl IR e AR

28, =(8,;0)
P8, =(85,;:0) (5)
28 = (8,30)
Yo IR R N
>$: =(1,0,0;0,0,0)
>$.,=(0,1,0;0,0,0) (6)

*$:.=(0,0,1;0,0,0)
1.2 HIEBEESH

MR (2) M (4) A1 B 28 4 A et
RS AR UL R A s, B TS X
7 2 AN e SR B S A R AR
5 AR IS T A 0 BT F3h°F & B fe 1
T, I A E AT 0% 2R P A G, e Rk Bl 2,
BT 3 °F- S H BT AR P 1 1 2 SR8 2 B R Rk
TEAE 3 DI A T WA WU P AR TEAE R, R
351 1F 19 Kutzbach — Grubler [ i 5542 8 2

F=cle-g-1)+ Zﬂ+v—§ (7)

X F—HH A

AL HLEE A F 1R % E

g—iz 3 EI % H

S5 kB sh A A

B 1 B a2 S 24 5 P 7

DIRAT NSO g =|
AR

A 1WA A BN

e

c

v

'"F=cle-g-1) + ka+v—§:
6(17-19-1) +19+3 =4
AIFaZS 1 LK 4 A ALK, A T 3 F & B
AESE 3 A E R ERM AR E T 6w
(RIARTE)) R 3h A I BE .

2, iy 2K (2) A (6) mf i, # 25 2 i 43
4 A SCHESL A 6 DA EHE R T A 0 AR T, i
REMETE RN 3, % T 3h-F 58 3 425 1] 7 5l
A APAE 3 AN TUAR A MR (7) B F =
3, 2 HLR A 3 A m AL, ST S &
HEA N 3 A sh Al

o TAEPLMAL AT AT BE i3z gl p, & > Lz
Sl ) DR 25 4 ey R A DR R A B LT 56 &R S ST
B L s i bs &, A 3l (D) ((3) (U(5) #
PREFAAL 2 P25 T UL A iy B2 3 HoA 2 i1
L AT 2o 5 1 B Bl R P, 1 BR 2l -5 il 3 R 25 S8 BUER
11 A2 L ATLAL AL 25 D) 45

2 EEHEFLLER

2.1 AHRFEE
PG SCHR [ 18 ], M 25 1 LAY 3l - & 1) Dk s 8 i
CIE|

I$p=éli$1i+ézi$2i+é3i$3i-'-C.l4i$4i-'-éSi$5i
(i=1,2,3) (8)

'8 .20, 8 +0, 5, +0,8,+d, 8, (9)

Kb ISR 55 LW B R
d,—— WG S04k 0 5 GRS B %

0, —— [ SR A 561 % ) R
dy—— PR SRR 5 R Bl
TENLF 1 RE 40 B7 A B o, A SR A 1 L
11 2 R i B

Y81 =(8550)

"85 =(85,;0)

"85 =(55:0) (10)
"0 =(8,30)

"8, = (8, X8,30)

Bk S AR B E AR TS 0 HE AT
THF B L1, e KRk T S 20 R 2, AR 4 LA
2 o % M 5

"85 =(85530)

{‘$&=<Smxsmm>
Sk (10) JF 7R 29 IR R iy — 4 3%, LA 8RR .
x 30 (8) P § 7 8CH 5 B, T 45

(11)

'$ .8 =0 (12)
HRA A, A

'$ 1. =0 (13)

03><1 03><1

+

1
J.=|
S30 ( S30 X S40 )



4510 4

Wt A% JFBRUBR A AL M AL RY B HE 58 BEORE AT LE A 1 263

F(13) T, A 1 WL 58 HORE T LL S [ Y 24 R
TR, F P R & i W) B SO T 3 5 1
2R

(i) AT A5, A8 25 2 L 52 B HE AT LU A B Y 24 3R
TR

'y, =[ (14)

Krp E—— A
2.2 EHFER

BiE FRE SCHE L ey e, RIS El P
W, B A PRE SCHE 1Y iz 2l 88 e 78 # AL AR R R Y
Plucker A& #1 h
$,=(8,:0) =(l;,m,,0;0,0,0)
$.,,=(8,;0) =(L,,m,,n,;0,0,0)
$,=(0;8,) =(0,0,0;,,,m,,,n,,) (15)
$,=(8;(a-d,)S,, x85,) =

03 x3]
E3x3

(Lsiyms; ns; 3055 4s: 5 Ks;)
2 SROEE R R B F 20 R A S e
85 =(8,38%) = (U,m,nsp,q), k) (16)
QEE RN N o R S
n, =0
ls;, ms; ns  qs

Ly my 0 0

.
l; = 0 =ngmy, (Lym,y, +mgl,,)

;
.
m; = =ny b, (Lm,, +mgl,,)

pi = =m,ny, (psms; +qs,ly;)

q; = =lyny (ps;ms; +q5.l5,)

0 0 I my

Ly ms; ps s
Ly my 0 0

(myps; +15,q5,) (Lymy, = 1m,,)
P (8) Wil I 8 L i . 7 B, AT A%

'$ . o8,=0, (i=1,2,3) (17)
AR R A
'$.'J, =4, (18)
1 S;(;T S;.;T S;g’l‘
>~ ':F' JXI = rT T T
SIZ S22 S32

a.=16, 6, 6,

2 (18) H T, Ohy 58 8 ol v LL S B v Bl
A 1B, o B SO 3 A0 3R 8 OBkt n7E 3h
VB L3 AR )1 .

FAU b, B IR SCBE LR R B, B AR B)
il Pyoo JEIS, v ] 2 6E 2 IR e & A Bk i E) 3,
I 33 T ) B e

$0:=(8,:0) (19)
K (9) BT $ 0 O 5 R, T
'$ o$l=d, (i=123) (20)
HRA MR, A
'8, =4, (21)
0,,, )
o g.=] o | 0=l

S (21) o T 5 T LA M o B
BOSE 2 W04, FCI) T 2 SR o 6] 52 6 G I 72 30 F- &
1 RS )

942 (18) At (21) 7] 4%

'$ ' =q (22)
sUosY sy 0,
;H\:EFI IJX = a T T T
stosnoostoosh
q = [ éll 912 élS d40 '
S0(22) dr i T RREAG A 1 HLH 52 R e T HR I £
S
45t (13) Fit (22) 7T 45

'8, T="q, (23)
H =
S;(;T S;OZT S;(;T 03><1 03><1 03><]
S, SL 0 Sh o Sy Sy, (S x8,)]
1‘.102[911 912 913 d4o 0 OJT

F(23) H A R T A A A 1 HL A A 8 A
AL R AT T A A A 1 AU A A R AR

Fy 25 R AR AR T RS 2 LA 3 °F 6 B B I
JE R R

2$p:éli$li+92i$2i+é3i$3i+d4i$4i+95i$5i
(i=1,2,3) (24)



264 g ol Bl ¥

20134

A

8,260,080+ 60,8, +0,8, (25)
MR AE ML 45, 5 ' T, B AR 25 2 MUK 5 1 A
MHEEREs FHEME . BaRX(14) 5
K (18), 715
*§.00="4, (26)
R LI
Hop = TR
s.'os," s, E, .,
*q,=[6,, 6, 6, 0 0 0]
2 (26) HP T S H 25 2 LR I 58 B e T LR
AT F AT A 2 HLA 7= A 5 S 1 5

3 FRMESN

W AT A R W R, BLR R A A T
Tsai 21 W 25 52 W4y g 24 0 25 57 FGE 3 A7 5 0
KA YL THE MR eI HUR R A TR A 5
2432 Bl T AN B R L R o A T B I S G
824 O F- 4 I 3 Rk R, LA & AR s s A S

YA 1 LA Y o6 B HE AT LE AR B =X (23) , 1%
) 3 RO B O OB A B — 4L (&K C,C,
W) GEF G B E Oxy FHEAN, $1,5 $5, 4%
K. @ shml Ry 5 dr R z #E & 0f,
$,=0, @2 KL (%R A B C FlAB,C,)
PrfeFim A H 5§ & B fE Oxy F I 2 B A,
$0,5 8L

bR 3 R R R TIE S A . 1 R
S TR LR AL TR B T B B
ST P LA G 5 5 2 B A3 S50 8 T 5 5 RO
1 AB IS5/ S50 L A, OB, T LAk s 56 3 Rl 47 =

{3 B ] 3 g 5 BT 2l 5 IR K e SR R, 1 A
275 1] T LAk G o

OB R LU M 2 (26) , 5 M 25 2 B
Br bk 3 Ay S BUAL iR A7 AR 4 Bl Ay SO, B
WIS HE A B C I AEV- T 5§ F 65 T E Oxy - 1] 4
HI, 855§ LRMEHIC, IR AZBH AT, It
TSI T AU AL T8 BRA B, Al i 2 R 5 3l il
R, 19 %% 505 B DA OBE B2

4 it

(1) 3R T —Bh I B8 2Bk im0 A2 M MLAY , i ALY
BA RS M A 25 2 i AR, DURTE
WO RS, A A HIE 1 2 RS TR AL R A
BHAM A d R, o IEW AT P R A =
0] 3 #eglh { b B A A AT LA BA BN 1 A1
o] B o o

(2) 5T X0 SR B, M 3 1 O K AUk v A2
JATLAL 2% 4 25 1) 29 SR 1 AR B ALz 3140 1 O RAIE
EER, SE R T A A AS UG S8 EHE RT LU R A ST

(3) MR A 25 H4 A5 LA 58 HE mT O B 19 Bk, 2
Br TSRS 25T LR 7 A A 5 08 25 0, R T AT S
@R I 245 T kAT S R A

(4) XA MIBLAG i oy AL T b AT T ESE . A2
WAL T (SCr R A 1 ALK ) AT o — 5 Y 2
J5 AL N 25 TR SR o AR % I 3K CBR 1 22 i
PR Ay 520 BUAG 0 A7, AT DU B, 22 MR IR LA 5 14
AU R B AR 1 i e v, MLR K A o S 9 2% 1 A
DR B, XA AL #EAT A S A
ANBEAL LAAZ ML UE LA g 73 B X 5, 38 I 75 4 1
(ARSI IS

2 £ x #

1 DaiJ]S, Rees J J. Theory on kinematic synthesis and motion analysis of cartons[ R]. Unilever Research, 1997.

2 DaiJ S, Rees J J. Mobility in metamorphic mechanisms of foldable/erectable kinds[ J]. ASME Journal of Mechanical Design,

1999, 121(3) . 375 ~ 382.

3 DaiJ S, Zhang Q X. Metamorphic mechanisms and their configuration models[ J]. Chinese Journal of Mechanical Engineering,

2000, 13(3): 212 ~218. °

4 WA, TG ARER . RN R AR AL S B [T ] AL TR A# 4% ,2005,41(6) 17 ~ 12.

Dai Jiansheng, Ding Xilun, Zou Huijun. Fundamentals and categorization of metamorphic mechanisms [ J]. Chinese Journal of
Mechanical Engineering, 2005, 41(6): 7 ~12. (in Chinese)

Gosselin C M, Angeles J. The optimum kinematic design of a spherical three degree-of-freedom parallel manipulator[ J]. ASME
Journal of Mechanisms, Transmissions, and Automation in Design, 1989, 111(2) . 202 ~207.

Liu X J, Jin Z L, Gao F. Optimum design of 3-DOF spherical parallel manipulators with respect to the condintion and stiffniss
indices[ J]. Mechanism and Machine Theory, 2000, 35(9) . 1257 ~ 1 267.

Kong X W, Gosselin C M. Type synthesis of three-degree-of-freedom spherical parallel manipulators[ J]. The International Journal
of Robotics Research, 2004, 23(3) :237 ~245.

Gosselin C M. Development and experimentation of a fast 3-DOF camera-orientating device [ J ]. The International Journal of
Robotics Research, 1997, 16(5) :619 ~630.

ERE DR R AF . BT 220 BRI ER TR BRHLA 5 AR R SBR[ T]. ARk HLAR - 41 ,2011,42(11) 189 ~ 194.



4510 4 Wt A% JFBRUBR A AL M AL RY B HE 58 BEORE AT LE A 1 265

10

11

16

17

18

20

21

22

Li Shuping, Xie Shaorong, Cheng Jun, et al. Parameter optimization for spherical parallel mechanism bionic eye based on
differential evolution [ J]. Transactions of the Chinese Society for Agricultural Machinery, 2011, 42 (11). 189 ~ 194. (in
Chinese)
BOEW, W, 8 TP AT = A dy R BRI B B W S iU LT ], HLEs NBOR 5 0 ,2000(4) 223 ~26.
Zeng Xianjing, Huan Tian, Zeng Ziping. Design of NC rotary working table based on spherical parallel mechanism with 3-DOF
[J]. Robot Technology and Application, 2000(4) : 23 ~26. (in Chinese)
SRR, Fk, £, 5. SIS 3 - SPS— S KA S A PERE AT [T ], RO AL A4 ,2012,43(4) 1212 ~215.
Zhang Yanwei, Wei Bin, Wang Nan, et al. Kinematic performance analysis of 3 — SPS — S spatial rotation parallel mechanism[ J].
Transactions of the Chinese Society for Agricultural Machinery, 2012, 43(4) . 212 ~215. (in Chinese)
FEEA, EE, BEL, 5. S5 3 A b EIFRBOEIIE T 5B air[T]. Rb L ,2008,39(9) : 144 ~
148.
Cui Guohua, Wang Guoqiang, Zhao Chunjiang, et al. Mechanism design and kinematic analysis on a three degree-of-freedom
spatial manipulator[ J|. Transactions of the Chinese Society for Agricultural Machinery, 2008, 39(9) : 144 ~148. (in Chinese)
Dai J S, Zhao T S. Sprained ankle physiotherapy based mechanism synthesis and stiffness analysis of robotic rehabilitation device
[J]. Autonomous Robots, 2004, 16(2) :207 ~218.
Jin Guoguang, Chang Boyan. Configuration change and mobility analysis of a new metamorphic parallel mechanism used for bionic
joint[ M] // Jian S Dai, Matteo Zoppi, Xiangwen Kong. Advances in Reconfigurable Mechanisms and Robots. Berlin; Springer,
2012 333 ~342.
X ZE. FRERALG AP R SERE X R S B BIE [ D], 28 2 5 31l ke, 1999.
Liu Xinjun. The relationships between the performan cecriteria and link lengths of the parallel manipulators and their design theory
[D]. Qinhuangdao: Yanshan University, 1999. (in Chinese)
Merlet J P. Jacobian, manipulability, condition number, and accuracy of parallel robots[ J]. ASME Journal of Mechanical
Design, 2006, 128(1): 199 ~206.
Gosselin C M, Angeles J. Singularity analysis of closed-loop kinematic chains [ J]. IEEE Transactions on Robotics and
Automation, 1991, 6(3): 281 ~290.
Joshi S A, Tsai L. W. Jacobian analysis of limited-DOF parallel manipulators[ J]. ASME Journal of Mechanical Design, 2002,
124(2) . 254 ~258.
WG WV, WK F. 6_PUS FFIRHLIG aF 53 I 3 5 a5 SR A [T ). R LB S 41 ,2012,43 (12) 1234 ~239.
Tan Xingqiang, Xie Zhijiang, Xie Yongchun. Singularity judge deriving and singularity analysis for 6 _PUS parallel mechanism
[J]. Transactions of the Chinese Society for Agricultural Machinery, 2012, 43(12) : 234 ~239. (in Chinese)
FHEAS, A AR R SRS IR SRR [ T]. AU AR 2=, 2007, 43(8) : 32 ~42.
Wang Delun, Dai Jiansheng. Theoretical foundation of metamorphic mechanism and its synthesis [ J ]. Chinese Journal of
Mechanical Engineering, 2007, 43(8) : 32 ~42. (in Chinese)
Huang Z, Liu J F, Li Q C. A unified methodology for mobility analysis based on screw theory. Smart device and machines for
advanced manufacturing] M ]. Berlin; Springer-Verlag, 2008 ; 49 ~78.
Dai J S, Rees J J. A linear algebraic procedure in obtaining reciprocal screw systems[J]. Journal of Robotic Systems, 2003,
20(7) : 401 ~412.

(L#EE 259 M)

8

11

12

WL ARBI L, AR RS A2 2% 1y ot v Y S 03 A R AR B eI R RS2 R [T ] BLAR AR 2R, 2009,45(11) (158 ~162.
Xie Jin, Zou Mingshan, Cui Xiaoling. Effect of curvature distribution feature of complex free-form surface on CNC milling
performance[ J]. Chinese Journal of Mechanical Engineering, 2009,45(11) :158 ~162. (in Chinese)
Fan Cheng, Zhao Ji, Zhang Lei, et al. Method of evaluating the complexity of geometries for free-form surfaces [ J]. Advanced
Materials Research, 2012, 490 ~495. 1150 ~1 155.
BHTF, 5. JETHAEE S BP MR R PR IZ BRI T]. R AL, 2005, 36(8): 118 ~121.
Li Zengfang, He Yong. Study on fault diagnosis model of misfire in engines based on rough set theory and neural network
technology [ J]. Transactions of the Chinese Society for Agricultural Machinery, 2005, 36(8): 118 ~121. (in Chinese)
BT, RBEW, BEE, 5. ETHEERM WebGIS MR X 2N 2 HBHAK[I]. KLV, 2012,
43(12): 123 ~129.
Qian Jianping, Wu Xiaoming, Yang Xinting, et al. Farm products quality safety emergency management system based on rough
set and WebGIS [J]. Transactions of the Chinese Society for Agricultural Machinery, 2012, 43(12) . 123 ~129. (in Chinese)
Kurgan L. A, Cios K J. CAIM discretization algorithm [ J]. TEEE Transactions on Knowledge and Data Engineering, 2004,
16(2) . 145 ~153.



